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Abstract—Hybrid analog and digital beamforming is a
promising candidate for large-scale millimeter wave (mmWave)
multiple-input multiple-output (MIMO) systems because of its
ability to significantly reduce the hardware complexity of the con-
ventional fully-digital beamforming schemes while being capable
of approaching the performance of fully-digital schemes. Most
of the prior work on hybrid beamforming considers narrowband
channels. However, broadband systems such as mmWave systems
are frequency-selective. In broadband systems, it is desirable to
design common analog beamformer for the entire band while
employing different digital (baseband) beamformers in different
frequency sub-bands. This paper considers the hybrid beam-
forming design for systems with orthogonal frequency division
multiplexing (OFDM) modulation. First, for a single-user MIMO
(SU-MIMO) system where the hybrid beamforming architecture
is employed at both transmitter and receiver, we show that
hybrid beamforming with a small number of radio frequency
(RF) chains can asymptotically approach the performance of
fully-digital beamforming for a sufficiently large number of
transceiver antennas due to the sparse nature of the mmWave
channels. For systems with a practical number of antennas, we
then propose a unified heuristic design for two different hybrid
beamforming structures, the fully-connected and the partially-
connected structures, to maximize the overall spectral efficiency
of a mmWave MIMO system. Numerical results are provided to
show that the proposed algorithm outperforms the existing hybrid
beamforming methods and for the fully-connected architecture
the proposed algorithm can achieve spectral efficiency very close
to that of the optimal fully-digital beamforming but with much
fewer RF chains. Second, for the multiuser multiple-input single-
output (MU-MISO) case, we propose a heuristic hybrid percoding
design to maximize the weighted sum rate in the downlink and
show numerically that the proposed algorithm with practical
number of RF chains can already approach the performance
of fully-digital beamforming.
I. INTRODUCTION
Millimeter wave communication is a promising candidate
that can address the challenge of bandwidth shortage for the
next generation of wireless cellular communication systems
[1]–[4]. Although pathloss and absorption are more severe
in mmWave frequencies as compared to the conventional
frequency bands, more antennas can be packed within a
relatively small physical dimension in mmWave frequencies.
This leads to the use of large-scale antenna arrays at the
transceivers in mmWave communication systems which can
potentially overcome the poor propagation characteristics of
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the channel [5]–[7]. One of the major challenges in designing
transceivers for mmWave system using large-scale antenna
arrays is that the implementation of the conventional fully-
digital beamforming schemes such as in [8]–[10] may not be
practical because fully-digital beamforming schemes require
one separate RF chain for each antenna element. This leads to
high hardware complexity and excessive power consumption.
To address the hardware limitation of fully-digital beam-
forming, this paper adopts the analog and digital hybrid
beamforming architecture in which the overall beamformer
consists of a low-dimensional digital beamformer and a high-
dimensional analog beamformer implemented using a network
of simple analog phase shifters [11]–[17].
The idea of hybrid analog and digital beamforming is first
presented by [11] under the name of soft antenna selection for
single-carrier SU-MIMO systems. The idea is reintroduced for
mmWave frequency spectrum in [12]. In particular, a hybrid
precoding algorithm for single-carrier SU-MIMO systems is
presented in [12] by exploiting the sparse nature of mmWave
channels. It is shown in [15] that for flat-fading channels,
if the number of RF chains at the transceivers is twice the
number of data streams, hybrid beamforming can achieve the
full capacity of the MIMO channel. Further, hybrid precoding
design problem for a MU-MISO system is considered in
[14], [15]. The common message from different algorithms
presented in [11]–[15] is that hybrid beamforming with the
number of RF chains in the order of number of data streams
can approach the performance of fully-digital beamforming
baselines in flat-fading channels.
Most of the aforementioned results are restricted to the
flat-fading channels. However, mmWave systems are expected
to operate on broadband channels with frequency selectivity.
The main challenge in designing hybrid beamforming for
frequency-selective channels is that of how to design a com-
mon analog beamformer shared across all the subcarriers while
adopting digital beamforming weights on a per-subcarrier ba-
sis. This important feature differentiates hybrid beamforming
design in frequency-selective channels from that in flat-fading
channels and motivates us to consider the hybrid beamforming
design for mmWave systems with OFDM modulation.
A. Main Contributions
This paper first considers the beamforming design in a
mmWave SU-MIMO system in which both transmitter and
receiver employ large-scale antenna arrays with hybrid beam-
forming structure. In such a system, we show that with a
sufficiently large number of antennas the covariance matrices
of the channel at different subcarriers are approximately the
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2same and hence they share approximately the same set of
eigenvectors. This asymptotic feature, which is due to the
sparsity of the mmWave channels, suggests that the optimal
fully-digital eigen-beamformers at all subcarriers are approx-
imately the same. Based on this property, this paper proposes
a hybrid beamforming design that can asymptotically realize
the optimal fully-digital eigen-beamforming. Although this
result is valid only for extremely large number of antennas, it
provides intuition as to why hybrid beamforming can approach
the performance of the fully-digital beamforming in broadband
frequency-selective mmWave channels.
This paper also considers hybrid beamforming design for
practical size of antenna arrays, e.g., arrays with 32-128
antennas, in a typical mmWave propagation environment. In
particular, we propose a unified heuristic algorithm for beam-
forming design for two different hybrid architectures, the fully-
connected and partially-connected architectures, to maximize
the overall rate under power spectral density constraint in
each sub-band. In order to understand the design limits of the
architecture, this paper makes the simplifying assumption that
perfect channel state information (CSI) is available. Towards
developing this algorithm, we show that it is possible to
transform the analog precoding design problem for frequency-
selective channels into an analog precoding design problem for
flat-fading channels in which the covariance matrix is given
by the average of the covariance matrices of frequency domain
channels, i.e., 1K
∑
k H[k]
HH[k], where H[k] is the channel
at kth subcarrier and K is the total number of subcarriers. This
transformation enables us to employ the analog beamforming
design algorithm already proposed in [15] for single-carrier
systems with flat-fading channel model. Finally, we find the
optimal closed-form solution for the digital beamformers at
each sub-carrier for the already designed analog beamformers.
This paper further considers the multiuser case, more specif-
ically, the hybrid precoding design problem in a mmWave
MU-MISO system to maximize the downlink weighted sum
rate under a power constraint per subcarrier. This problem
differs from spectral efficiency maximization in a SU-MIMO
system in two respects. First, in the MU-MISO scenario the
receiving antennas are not collocated, therefore the beamform-
ing design for MU-MISO case should consider the effect of
inter-user interference. Second, the priority weights of the data
streams of different users may be unequal in a MU-MISO
system, while different data streams in a SU-MIMO system
always have the same priority weights. In order to tackle this
problem, we propose the following simple design strategy.
First, the analog precoder is designed based on the algorithm
developed for SU-MIMO scenario assuming that the users are
cooperative and have equal priority weights. Further, when the
analog precoder is fixed, iterative weighted minimum mean
squared error (WMMSE) approach is employed to design the
digital precoders at each subcarrier to deal with the inter-
user interference and also the different priority of different
data streams. Numerical results show that the fully-connected
hybrid architecture with this design can already approach the
performance of the fully-digital WMMSE beamforming.
B. Related Work
Several recent works have considered the use of hybrid
beamforming architecture for frequency-selective channels
[18]–[22]. In [18], the problem of hybrid beamforming de-
sign for maximizing the spectral efficiency in a SU-MIMO
mmWave system with limited feedback is considered. The
authors of [18] first develop a hybrid analog-digital codebook
design scheme for broadband mmWave systems, then propose
a hybrid precoding algorithm for the given codebook based on
Gram-Schmidt orthogonalization.
The paper [19] also considers the spectral efficiency maxi-
mization problem for a SU-MIMO system, but unlike [18] the
beamformers are not restricted to come from a fixed codebook.
The algorithm in [19] seeks to minimize the norm distance
between the optimal fully-digital beamformers and the overall
hybrid beamformers instead of tackling the original problem
of spectral efficiency maximization directly.
In [20], a heuristic algorithm is devised to design the
hybrid precoders to maximize the overall rate for a SU-MIMO
system in which hybrid architecture is only employed at the
transmitter. Taking different approach as compared to this
paper, it is also shown in [20] that the average of the covariance
matrices of frequency domain channels is an important metric
in designing the analog precoder.
Through numerical simulations, we show that under typical
parameter settings the proposed algorithm for SU-MIMO
scenario achieves a better performance as compared to the
algorithms in [19] and [20].
The weighted sum rate maximization problem under the
total power constraint for the downlink of OFDM-based MU-
MISO systems is recently considered in [21]. The authors in
[21] devise an alternating optimization algorithm based on the
equivalence between the sum rate maximization problem and
the weighted sum mean square error (MSE) minimization.
That algorithm is only applicable to the setting where the
total power constraint is considered. However, in practice for
wideband systems it is desirable to design the precoders such
that the per subcarrier power constraint; i.e. power spectrum
density constraint, is satisfied [23], [24]. In contrast to [21],
the proposed algorithm in this paper addresses the hybrid
precoding design problem for per subcarrier power constraint.
Throughout this paper, we assume the availability of the
prefect CSI. This assumption is made in order to understand
the capability of the hybrid architecture, but it can also be
reasonable in certain cases. In [22], it is shown that the
channel coefficients can be estimated accurately by exploiting
the intrinsic low-rank structure of the mmWave channels.
C. Paper Organization and Notations
The remainder of this paper is organized as follows. Sec-
tion II introduces the system model and the problem formula-
tion for a SU-MIMO system. Section III considers asymptotic
analysis of hybrid beamforming in a SU-MIMO system, while
Section IV considers hybrid beamforming design for practical
number of antennas. Section V is devoted to present the system
model and hybrid precoding design algorithm for a MU-MISO
3system. Simulation results are provided in Section VI and
conclusions are drawn in Section VII.
This paper uses lower-case letters for scalars, lower-case
bold face letters for vectors and upper-case bold face letters
for matrices. The real part of a complex scalar s are denoted
by Re{s}. For a matrix A, the element in the ith row and the
jth column is denoted by A(i, j). Further, we use the super-
script H to denote the Hermitian transpose of a matrix and
superscript ∗ to denote the complex conjugate. The identity
matrix with appropriate dimensions is denoted by I; Cm×n
denotes an m by n dimensional complex space; CN (0,R)
represents the zero-mean complex Gaussian distribution with
covariance matrix R. Further, the notations Tr(·), log2(·)
and E[·] represent the trace, binary logarithm and expectation
operators, respectively; | · | represent determinant or absolute
value depending on context. Finally, for a column vector v,
diag(·) returns a diagonal matrix with elements of v as the
diagonal elements.
II. SYSTEM MODEL FOR SU-MIMO
We begin by treating the hybrid beamforming design prob-
lem for the single-user frequency-selective channel. Consider
an OFDM-based large-scale MIMO system in which a trans-
mitter equipped with Nt antennas serves a receiver equipped
with Nr antennas by sending Ns data symbols per frequency
tone. In general the number of data symbols can be different
for different frequency tones, however for simplicity, this
paper restricts attention to the case with an equal number
of data streams for all subcarriers, since for mmWave sys-
tems with highly correlated channels, all the subchannels are
typically low rank. Further, in practical large-scale MIMO
systems, the number of available RF chains1, NRF, is typically
much smaller than the number of transceiver antennas, i.e.,
NRF  min(Nt, Nr). This prohibits the implementation of
conventional fully-digital beamforming methods which require
one RF chain per antenna element. In this paper, we adopt
the hybrid analog-digital beamforming architecture, shown
in Fig. 1, to address this hardware limitation challenge. In
the hybrid beamforming architecture, the overall beamformer
consists of a low-dimensional digital (baseband) beamformer
and a high-dimensional analog (RF) beamformer implemented
using simple analog components.
A. Signal Model in Hybrid Beamforming
In the OFDM-based hybrid beamforming architecture
shown in Fig. 1, the transmitter first precodes Ns data symbols
s[k] at each subcarrier k = 1, . . . ,K, using a low-dimensional
digital precoder, VD[k] ∈ CNRF×Ns , then transforms the
signals to the time domain by using NRF K-point inverse
fast Fourier transforms (IFFTs). After adding cyclic prefixes,
the transmitter employs an analog precoding matrix V RF ∈
CNt×NRF , to generate the final transmitted signal. Since the
analog precoder is a post-IFFT module, the analog precoder
is identical for all subcarriers. This is the key challenge
1To simplify the notation, we assume that the number of RF chains at the
transmitter and the receiver is identical, however the results can be easily
applied to the general setting.
in designing the hybrid beamformers in OFDM systems as
compared to single-carrier systems. By this consideration, the
final transmitted signal at subcarrier k is
x[k] = VRFVD[k]s[k], (1)
where s[k] ∈ CNs×1 is the vector of transmitted data symbols
at subcarrier k with E{s[k]s[k]H} = INs . Assuming a block-
fading channel model, the received signal at subcarrier k is
y[k] = H[k]VRFVD[k]s[k] + z[k], (2)
where H[k] ∈ CNr×Nt and z[k] ∼ CN (0, σ2INr ) are
the channel matrix and additive white Gaussian noise for
subcarrier k, respectively.
At the receiver, the received signals of all subcarriers are ini-
tially processed using an analog combiner, WRF ∈ CNr×NRF .
Then, the cyclic prefix is removed and NRF K-point fast
Fourier transforms (FFTs) are applied to recover the frequency
domain signals. Finally, by employing a low-dimensional dig-
ital combiner per subcarrier, WD[k] ∈ CNRF×Ns , the receiver
obtains the final processed signal as
y˜[k] = Wt[k]
H
H[k]Vt[k]s[k] + Wt[k]
H
z[k], (3)
in which Vt[k] = VRFVD[k] and Wt[k] = WRFWD[k] are
the overall hybrid precoder and combiner for the kth subcarrier,
respectively.
B. Structure of Analog Beamformer
The analog part of the hybrid beamformer is typically
implemented using simple analog components such as analog
adders and analog phase shifters which can only change the
phase of signals. This results in some constraints on the analog
beamforming matrix depending on the structure of the analog
beamformer. In this paper, we focus on two widely used analog
beamforming structures: the fully-connected and the partially-
connected structures.
Fully-connected Architecture: In this structure, each RF
chain is connected to all the antenna elements via a network
of phase shifters as shown in Fig. 2(a). This results in constant
modulus norm constraint on all elements of the analog beam-
forming matrices, i.e., |VRF(i, j)| = |WRF(i, j)| = 1,∀i, j.
Further, as it can be seen in Fig. 2(a), the total number of
phase shifters in this architecture is NtNRF.
Partially-connected Architecture: Unlike the fully-
connected structure, in the partially-connected structure, each
RF chain is connected only to one sub-array with Nt/NRF
antennas as shown in Fig. 2(b). Therefore, the analog beam-
forming matrix in the partially-connected architecture has a
block diagonal format, i.e., the analog precoder has the form,
VRF =

v1 0 · · · 0
0 v2 0
0 0
. . . 0
0 0 · · · vNRF
 , (4)
where each element of the vector vi satisfies the constant
modulus constraint. The total number of phase shifters in this
structure is Nt which means that the hardware complexity of
the RF beamformer is reduced by a factor of NRF.
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Fig. 2: (a) The architecture of an analog precoder with fully-connected
structure. (b) The architecture of an analog precoder with partially-connected
structure.
It is shown in [19] that there is a performance-complexity
trade-off in choosing the above structures. The fully-connected
structure can achieve full beamforming gain with full phase
control, while the partially-connect structure has limited phase
control, thus cannot achieve full beamforming gain in all cases.
On the other hand, the hardware implementation complexity
and power consumption of the partially-connected architecture
are much lower as compared to those of the fully-connected
structure. This paper seeks to propose a general design algo-
rithm which can handle the design of hybrid beamforming for
both analog beamformer structures.
C. Problem Formulation
The problem of interest for SU-MIMO case is to design the
hybrid analog and digital beamformers under either fully or
partially connected structures in order to maximize the overall
spectral efficiency of the system under a power spectral density
constraint for each subcarrier. We assume the availability of
perfect CSI. In this case, the problem can be formulated as
maximize
VRF,WRF,{VD[k],WD[k]}Kk=1
1
K
K∑
k=1
R[k] (5a)
subject to Tr(Vt[k]Vt[k]
H
) ≤ P, (5b)
|VRF(i, j)| = 1,∀(i, j) ∈ Ft, (5c)
|WRF(i, j)| = 1,∀(i, j) ∈ Fr, (5d)
where P is the total transmit power budget per subcarrier,
Ft (Fr) is the set of non-zero elements of analog precoder
(combiner), and R[k] is the overall spectral efficiency of the
subcarrier k which for Gaussian signalling is
R[k] = log2
∣∣∣INr + 1σ2C[k]H[k]Vt[k]Vt[k]HH[k]H ∣∣∣, (6)
in which C[k] = Wt[k](Wt[k]
H
Wt[k])
−1Wt[k]
H , Vt[k] =
VRFVD[k] and Wt[k] = WRFWD[k].
D. Channel Model
It is known that the channel of a mmWave propagation
environment does not follow the conventional rich-scattering
model because the number of scatterers in such an environment
is limited [2]. In fact, the mmWave propagation environment
is typically modeled as a geometric channel with Nc scattering
clusters and Nsc scatterers within each cluster. In this model,
the channel matrix of subcarrier k is given as [19]
H[k] =
Nc∑
c=1
Nsc∑
`=1
αc`ar(φ
r
c`)at(φ
t
c`)
He−j2piψc
k
K , (7)
where ψc is proportional to the phase shift in cth scattering
cluster and αc` ∼ CN (0, NtNrNcNsc ), φrc` and φtc` are the scaled
complex gain, angles of arrival and departure for the `th path
in the cth cluster, respectively. Further, ar(·) and at(·) are the
antenna array response vectors for the receiver and the trans-
mitter, respectively. The antenna array response vectors ar(·)
and at(·) are functions of the antenna array structure and each
element of these vectors typically satisfies a constant modulus
norm constraint. For instant, the antenna array response vector
in a uniform linear array configuration with N antennas and
antenna spacing of d is modeled as
a(φ) =
1√
N
[1, ej
2pi
λ d sin(φ), . . . , ej
2pi
λ (N−1)d sin(φ)]T , (8)
where λ is the signal wavelength. Note that in this repre-
sentation it is assumed that the operating frequency is much
larger than the total bandwidth of the OFDM system such that
the signal wavelength in all subcarriers can approximately be
considered equal.
The channel matrix in (7) can also be written in a more
compact form as
H[k] = Ar diag(α[k])A
H
t , (9)
where
Ar = [ar(φ
r
11),ar(φ
r
12), . . . ,ar(φ
r
NcNsc)],
At = [at(φ
t
11),at(φ
t
12), . . . ,at(φ
t
NcNsc)],
α[k] = [α11e
−jθ1[k], α12e−jθ1[k], . . . , αNcNsce
−jθNc [k]],
5and θc[k] = 2piψckK .
III. ASYMPTOTIC BEAMFORMING DESIGN FOR SU-MIMO
In this section, we exploit the sparse nature of the frequency-
selective mmWave propagation environment introduced in
Section II-D to show that for a fixed number of data streams,
Ns, hybrid beamforming architecture with only Ns RF chains,
i.e., NRF = Ns, can asymptotically realize the optimal fully-
digital beamformer when Nt, Nr →∞. Note that this result is
known in the hybrid beamforming literature for single-carrier
systems [12], [25]. In this section, we generalize that result
to OFDM-based SU-MIMO systems with frequency-selective
channels to explain why the hybrid beamforming is expected
to work well in mmWave frequency-selective channels despite
being much less complex than fully-digital beamforming.
It is well-known that the optimal linear fully-digital pre-
coder in each subcarrier, Vopt[k] ∈ CNt×Ns , that maximizes
the overall rate subject to the power constraint is given by
matching to the set of eigenvectors corresponding to the
Ns largest eigenvalues of the channel covariance matrix,
S[k] = H[k]
H
H[k] [8]. In this section, we take advantage
of the sparsity of the channel in (9) to show that the channel
covariance matrices in different subcarriers are approximately
similar, hence they share approximately the same set of
eigenvectors.
For mmWave channel model (9) when Nt, Nr → ∞, the
matrix S[k] can be further simplified as
S[k] = At diag(α
∗[k])AHr Ar diag(α[k])A
H
t
(a)≈ At diag(β)AHt , (10)
where β =
[|α11|2, |α12|2, . . . , |αNcNsc |2]. In (10), the ap-
proximate equality (a) is due to the fact that the diagonal
elements of AHr Ar are exactly equal to 1 while the off-
diagonal elements of that matrix are much smaller than 1 with
high probability [12]. Using a similar argument, we can show
that AHt At ≈ I. Now, using this property and the structure of
(10), it can be seen that the columns of At are approximately
the eigenvectors of S[k].
Let A˜t ∈ CNt×Ns denote the set of columns of At corre-
sponding to Ns largest |αc`|2. It can be seen that the optimal
fully-digital precoder in each subcarrier is now Vopt[k] =
A˜tΓ[k] where Γ[k] is the diagonal matrix of the allocated
power to each data stream which can be obtained using water-
filling approach. Since the elements of A˜t typically satisfy the
constant modulus norm constraint, those optimal fully-digital
precoders can be realized by the hybrid precoding design in
which VRF = A˜t and VD[k] = Γ[k].
At the receiver side, with a similar justification, it is possible
to show that the asymptotic optimal analog combiner is given
by the set of columns of Ar corresponding to Ns largest
complex gains, |αc`|2.
In summary, this section shows that in a mmWave SU-
MIMO system with fixed number of scatterers in the envi-
ronment and fixed number of data streams, if the number
of antennas is sufficiently large so that AHt At ≈ I and
AHr Ar ≈ I, the hybrid beamforming with only Ns RF chains
can realize the optimal fully-digital beamforming.
IV. HYBRID BEAMFORMING DESIGN FOR SU-MIMO
In the previous section, we show that the performance
of the hybrid beamforming in frequency-selective channels
can asymptotically approach the performance of the optimal
fully-digital beamforming when the number of antennas at
both transmitter and receiver is sufficiently large. Based on
the asymptotic analysis, it is shown that the optimal analog
beamforming design is to choose the columns of the analog
precoder (combiner) from the transmit (receive) antenna array
response vectors. However, as numerical results presented in
Section VI show, in scenarios with a practical number of
antennas in an environment with multiple scatters within each
cluster, the performance of this asymptotic design actually has
a sizable gap to the performance of fully-digital beamforming.
Further, this asymptotic design requires fully-connected analog
beamforming, and is not applicable to the partially-connected
case. The goal of this section is to investigate how to design the
hybrid beamformers for the scenarios with practical number
of antennas and also with partially-connected structure.
A. Transmitter Design
In general, maximizing the spectral efficiency in (5a) re-
quires a joint optimization over the transmit beamformers and
receive beamformers. Joint optimization is, however, compu-
tationally complex. This paper uses the alternative strategy
proposed in [12], [15], in which the transmitter is first designed
assuming an ideal (fully-digital) receiver, then the receiver is
designed given the already designed transmitter. This strategy
leads to a decoupled transmitter and receiver design. Following
this strategy, the hybrid beamforming design problem at the
transmitter is
max
VRF,{VD[k]}Kk=1
1
K
K∑
k=1
R˜[k] (11a)
s.t. Tr(VRFVD[k]VD[k]
H
VHRF) ≤ P (11b)
|VRF(i, j)| = 1,∀(i, j) ∈ Ft, (11c)
where
R˜[k] = log2
∣∣∣I+ 1
σ2
H[k]VRFVD[k]VD[k]
H
VHRFH[k]
H
∣∣∣ (12)
is the achievable rate of subcarrier k. This optimization
problem is challenging since it is not convex even for single-
carrier systems with flat-fading channels [15]. To develop an
algorithm for tackling this optimization problem, we take the
following steps:
• First, for a fixed analog precoder, VRF, we derive the
optimal closed-form solution for digital precoder of each
subcarrier, VD[k], that maximizes the overall spectral
efficiency.
• Second, by exploiting the structure of that optimal digital
precoders, we show that the expression VD[k]VD[k]
H
in (12) can be further simplified for large-scale antenna
arrays.
• Then, using that simplification and the Jensen’s inequal-
ity, we derive an upper-bound for the objective function
of (11).
6• Finally, we devise an iterative algorithm to design the
analog precoder such that it locally maximizes that upper-
bound.
1) Digital Precoding Design: In this part, the optimal dig-
ital precoding design is presented given the analog precoder.
When the analog precoder is fixed, the effective channel of
subcarrier k can be considered as Heff[k] = H[k]VRF. Further,
it can be seen that the constraints on digital precoders of
different subcarriers in (11) are decoupled. Therefore, without
loss of optimality, the following problem for designing the
digital precoder of the subcarrier k can be considered
max
VD[k]
log2
∣∣∣I + 1
σ2
Heff[k]VD[k]VD[k]
H
Heff[k]
H
∣∣∣ (13a)
s.t. Tr(QVD[k]VD[k]
H
) ≤ P, (13b)
where Q = VHRFVRF. The problem (13) has a closed-form
water-filling solution as [15]
VD[k] = Q
−1/2Ue[k]Γe[k], (14)
in which Ue[k] is the set of right singular vectors corre-
sponding to the Ns largest singular values of Heff[k]Q−1/2
and Γe[k] is the diagonal matrix of allocated powers to each
symbol of the subcarrier k.
Now, we want to exploit the structure of the optimal digital
precoder in (14) for large antenna arrays. Toward this aim, we
first present the following Lemma.
Lemma 1. Consider a hybrid beamforming transceiver with
N antenna elements, NRF RF chains and the analog beam-
former FRF. In fully-connected architecture, the analog beam-
former satisfies FHRFFRF ≈ NI with high probability when
N → ∞, while in the partially-connected architecture the
analog beamformer exactly satisfies FHRFFRF =
N
NRF
I,∀N .
Proof: In fully-connected architecture, the diagonal ele-
ments of FHRFFRF are exactly N while the off-diagonal ele-
ments can be approximated as a summation of N independent
unit-norm complex numbers which implies that the norm of
off-diagonal elements are much less than N with high prob-
ability when N → ∞. Therefore, the analog beamformer of
fully-connected architecture typically satisfies FHRFFRF ≈ NI.
In partially-connected architecture, the diagonal elements
of FHRFFRF are N/NRF, while the off-diagonal elements are
exactly zero because of the block diagonal format of the
analog beamformer (as in (4)). So, the analog beamformer
of partially-connected architecture exactly satisfies FHRFFRF =
N
NRF
I,∀N .
Now, using Lemma 1, it is possible to simplify the ex-
pression of the optimal digital precoders in (14). Based on
Lemma 1, the matrix Q = VHRFVRF can always be ap-
proximated as proportional to the identity matrix, Q ∝ I.
Moreover, for moderate and high SNR regime, we can adopt
an equal power allocation for all streams in each subcarrier,
Γe[k] ∝ I, without significant performance degradation. Ac-
cordingly, the overall digital precoder can be approximated as
VD[k] ≈ γUe[k] where γ is a scalar parameter that guarantees
that the power constraint in (13b) is satisfied, i.e., for fully-
connected structure γ =
√
P/(NtNRF) and for partially-
connected structure γ =
√
P/Nt.
2) Analog Precoding Design: We now present an algorithm
for designing the analog precoder assuming that the digital
precoder in each subcarrier is given as VD[k] ≈ γUe[k]. It
can be seen that for such digital precoder we have
VD[k]VD[k]
H ≈ γ2U[k]I˜NRFU[k]H , (15)
where I˜NRF =
[
INs 0
0 0
]
and U[k] ∈ CNRF×NRF is a unitary
matrix. Therefore, the achievable rate of subcarrier k in (12)
can be upper-bounded as
R˜[k] = log2
∣∣∣I + γ2
σ2
U[k]HVHRFH[k]
H
H[k]VRFU[k]I˜NRF
∣∣∣
(a)
≤ log2
∣∣∣I + γ2
σ2
U[k]HVHRFH[k]
H
H[k]VRFU[k]INRF
∣∣∣
(b)
= log2
∣∣∣I + γ2
σ2
VHRFH[k]
H
H[k]VRF
∣∣∣, (16)
where (a) is satisfied with equality if NRF = Ns and (b) is due
to the properties of the unitary matrices. Finally, we derive the
upper-bound for the overall spectral efficiency in the objective
of (11) using Jensen’s inequality as
1
K
K∑
k=1
R˜[k]
(c)
≤ 1
K
K∑
k=1
log2
∣∣∣I + γ2
σ2
VHRFH[k]
H
H[k]VRF
∣∣∣
(d)
≤ log2
∣∣∣I + γ2
σ2
VHRFF1VRF
∣∣∣, (17)
where
F1 =
1
K
K∑
k=1
(
H[k]
H
H[k]
)
, (18)
is the average of the covariance matrices of frequency domain
channels, (c) follows (16) and (d) is based on Jensen’s
inequality; i.e., for a concave function f(·), if ∑i αi = 1,
then
∑
i αif(Xi) ≤ f(
∑
i αiXi).
In this paper, we propose to design the analog precoder
such that it maximizes the upper-bound of the overall spectral
efficiency in (17), yielding
max
VRF
log2
∣∣∣I + γ2
σ2
VHRFF1VRF
∣∣∣ (19a)
s.t. |VRF(i, j)| = 1,∀(i, j) ∈ Ft. (19b)
Interestingly, the problem (19) is now in the format
of analog precoder design problem for single-carrier sys-
tems with flat-fading channels which we have considered
in [15]. In [15], we show that the analog precoder of
a single-carrier system should be designed to maximize
log2
∣∣∣I + γ2σ2 VHRF(HHH)VRF∣∣∣. Now, the optimization problem
in (19) suggests that we can replace the covariance matrix of
the channel, HHH, in flat-fading scenario by its average over
all subcarriers, i.e., F1 = 1K
∑K
k=1
(
H[k]
H
H[k]
)
, and then
use the algorithm in [15] for designing the analog precoder in
OFDM-based systems with frequency-selective channels. The
rest of this section provides a brief explanation of the iterative
algorithm in [15].
It can be seen that all the constraints in problem (19) are
decoupled. This enables us to develop an iterative coordinate
descent algorithm over the elements of analog precoder, VRF,
7to find a locally-optimal solution of the problem (19). Math-
ematically, it is shown in [15] that the contribution of each
element of analog precoder, VRF(i, j), to the objective of (19)
can be extracted as
log2
∣∣Cj∣∣+ log2 (2 Re{V∗RF(i, j)ηij}+ ζij + 1) , (20)
where Cj = I + γ
2
σ2 (V¯
j
RF)
HF1V¯
j
RF, and V¯
j
RF is
the sub-matrix of VRF with jth column removed, and
ηij =
∑
` 6=iGj(i, `)VRF(`, j), and ζij = Gj(i, i) +
2 Re
{∑
m6=i,n 6=iV
∗
RF(m, j)Gj(m,n)VRF(n, j)
}
, and Gj =
γ2
σ2 F1 − γ
4
σ4 F1V¯
j
RFC
−1
j (V¯
j
RF)
HF1. Now, because all parame-
ters Cj , ζij and ηij are independent of the element VRF(i, j),
the optimal value for this element (when all other elements of
VRF are fixed) is given as
VRF(i, j) =

ηij
|ηij | , ∀(i, j) ∈ Ft s.t. ηij 6= 0,
1, ∀(i, j) ∈ Ft s.t. ηij = 0,
0, ∀(i, j) /∈ Ft.
(21)
The final algorithm consists of starting with initial feasible
analog precoder which satisfies (19b), then sequentially up-
dating each VRF(i, j) based on (21). The convergence of this
algorithm to the local optimal solution of (19) is guaranteed
since in each step of algorithm the objective function increases.
B. Receiver Design
We now consider the hybrid combining design when the
transmit beamforming matrix is already fixed. For a fixed ana-
log combiner, the optimal digital combiner of each subcarrier
is known to be the MMSE solution as
WD[k] = J[k]
−1
WHRFH[k]Vt[k], (22)
in which J[k] = WHRFH[k]Vt[k]Vt[k]
HH[k]HWRF +
σ2WHRFWRF. According to Lemma 1, the analog combiner
satisfies WHRFWRF. ∝ I, for both fully-connected and
partially-connected structures. This leads to the conclusion that
the effective noise after the analog combiner approximately
remains white. Now, using the property of MMSE digital
combiner under white background noise, the analog combiner
design problem can be written as [15]
max
WRF
1
K
K∑
k=1
log
∣∣∣I + (σ2WHRFWRF)−1WHRFF˜[k]WRF∣∣∣ (23a)
s.t. |WRF(i, j)|2 = 1,∀(i, j) ∈ Fr, (23b)
where F˜[k] = H[k]Vt[k]Vt[k]HH[k]
H . By using Lemma 1,
WHRFWRF ∝ I, and applying the Jensen’s inequality, we can
consider maximizing the upper-bound of (23) for designing
WRF as
max
WRF
log2
∣∣∣I + 1
σ2τ
WHRFF2WRF
∣∣∣ (24a)
s.t. |WRF(i, j)|2 = 1,∀(i, j) ∈ Fr, (24b)
in which F2 = 1K
∑K
k=1 F˜[k], τ = Nr and τ = Nr/NRF
for fully-connected structure and partially-connected structure,
respectively. It can be seen that this problem is in the same
format as analog precoder design problem in (19). Therefore,
Algorithm 1 Design of Hybrid Beamformers for SU-MIMO
systems
1: Find VRF by solving the problem in (19) using Algo-
rithm 1 in [15].
2: Calculate VD[k] = (VHRFVRF)
−1/2Ue[k]Γe[k] where
Ue[k] and Γe[k] are defined as following (14).
3: Find WRF by solving the problem in (23) using Algo-
rithm 1 in [15].
4: Calculate WD[k] = J[k]−1WHRFH[k]VRFVD[k] where
J[k] is defined as following (22).
the analog combiner WRF can be designed using the proposed
algorithm in Section IV-A2. We note that the receiver design
is based on the already designed transmitter. This implies
that either a dedicated phase is required to feed forward the
designed transmit beamformers to the receiver, or it is required
that the receiver first solves the transmitter design problem and
then solves the receiver design problem. In the former case,
the extra radio communication resource is needed while in the
latter case extra computation resource is needed at the receiver.
The summary of the overall proposed algorithm for the
hybrid beamforming design to maximize the overall spectral
efficiency in an OFDM-based large-scale SU-MIMO system is
given in Algorithm 1. Assuming that the number of antennas
at both ends are in the same range, i.e., Nr = O(Nt), it can be
shown the computational complexity of the overall algorithm
is O(KN3t ).
Remark 1. So far, we assume that the infinite-resolution phase
shifters are available at the transceivers. However, in practice
the components required for such an accurate phase control
may be costly [26]. So an interesting question is how to design
the analog beamformers if only low-resolution phase shifters
are available; i.e., VRF(i, j) ∈ G and WRF(i, j) ∈ G where
G = {1, ω, ω2, . . . ω2b−1}, ω = ej 2pi2b and b is the number
of bits in the resolution of phase shifters. We have already
addressed this problem in [15] for single-carrier system by
quantizing the solution of the analog precoder element in
(21) in each iteration to the closest point in G. Since the
preceding treatment essentially transforms the multi-carrier
analog beamformer design problem to the format of analog
precoder design problem for the single-carrier scenario, we
can use the same technique.
V. HYBRID PRECODING DESIGN FOR MU-MISO
We now consider the hybrid precoding design for a OFDM-
based MU-MISO system in which a base station with Nt
antennas and NRF RF chains serves NU non-cooperative
single-antenna users. It is shown in [21] that hybrid beam-
forming with limited number of RF chains can approach
the performance of fully-digital beamforming only if the
same set of users are scheduled to be served at the entire
band for each time slot. This is because when the same
users are served in the entire band, the channels of different
subcarriers are highly correlated due to the sparse nature of
mmWave channels. Accordingly, it is possible to design a
common analog beamformer which is appropriate for all the
8channels. This is more spectrally efficient than the alternative
of multiplexing users across the frequencies. For this reason,
this section focuses on a MU-MISO design in which the same
users are served over all subcarriers.
For such a system, the transmitted signal at subcarrier k is
x[k] =
NU∑
i=1
VRFvDi [k]si[k], (25)
where VRF ∈ CNt×NRF is the analog precoder, vDi [k] ∈
CNRF×1 is the digital precoder for user i at subcarrier k and
si[k] ∈ C is the intended data symbol for user i at subcarrier
k. Then, the user n receives yn[k] = hHn [k]x[k]+zn[k], where
zn[k] is the additive white Gaussian noise. The rate expression
in kth subcarrier for user n in (6) can be expressed as
Rn[k] = log2
(
1 +
∣∣hHn [k]VRFvDn [k]∣∣2
σ2 +
∑
i6=n
∣∣hHn [k]VRFvDi [k]∣∣2
)
,
(26)
where hHn [k] is the channel of k
th subcarrier from the BS to
the nth user. Now, the hybrid precoding design problem for
maximizing the weighted sum rate is
max
VRF,{VD[k]}Kk=1
1
K
K∑
k=1
NU∑
n=1
βnRn[k] (27a)
s.t. Tr(VRFVD[k]VD[k]
H
VHRF) ≤ P (27b)
|VRF(i, j)| = 1,∀(i, j) ∈ Ft, (27c)
in which VD[k] =
[
vD1 [k], . . . ,vDNU [k]
]
is the overall digital
precoder at kth frequency tone and the weight βn represents
the priority of nth user; i.e., larger βn implies greater priority
for nth user.
The problem of weighted sum rate maximization in (27)
differs from the spectral efficiency maximization for the SU-
MIMO systems in two respects. First, the users in MU-MISO
scenario are not collocated which results in an inter-user
interference term in the rate expression. Second, the different
data streams corresponding to different users in a MU-MISO
system may have different priority weights, while all the data
streams in a SU-MIMO system always have the same priority
weights.
These two differences make the analog precoding design
much more complicated. In order to tackle the problem (27),
this paper proposes the following simple design strategy:
• First design the analog precoder assuming that the users
are cooperative and they have equal priority weights.
Loosely speaking, this means that the common analog
beamformer is designed to improve the direct channel of
the all users while neglecting the effect of the inter-user
interference and the different priority weights.
• Second, design the digital beamformers for the effective
channel using one of the conventional fully-digital beam-
forming schemes such as the WMMSE approach in [9]
which can manage both the inter-user interference effect
and the different priority weights.
In particular, we first consider designing the analog pre-
coder by maximizing log2
∣∣∣I + γ2σ2 VHRFF1VRF∣∣∣ where F1 =
1
K
∑K
k=1
(
H[k]
H
H[k]
)
and H[k] =
[
h1[k], . . . ,hNU [k]
]H
is
the collection of channel vectors of all users at subcarrier k. It
is clear that the analog precoder now can be designed using the
proposed algorithm in Section IV. After designing the analog
precoder, we seek to design the digital precoders using the
iterative WMMSE approach which is summarized as follows:
1) Let gHn [k] = h
H
n [k]VRF denote the effective channel.
Initialize all digital precoders, vDn [k],∀n, k, such that the
power constraints (27b) are satisfied.
2) Calculate the receiver combining filter for each user at
each subcarrier as wn[k] =
gHn [k]vDn [k]
σ2+
∑
i|gHn [k]vDi [k]|2 .
3) Calculate the mean square error (MSE) as
en[k] =
∑
i
∣∣wn[k]gHn [k]vDi [k]∣∣2
− 2 Re{w∗n[k]gHn [k]vDi}+ |wn[k]|2σ2 + 1,
and then calculate tn[k] = 1en[k] .
4) Design the digital precoder as
vDn [k] = βntn[k]wn[k] (Jn[k])
−1
gn[k],
Jn[k] =
∑
iβiti[k] |wi[k]|2 gi[k]gHi [k] + λ[k]VHRFVRF
where λ[k] is the Lagrangian multiplier for subcarrier k
which can be optimized based on Karush-Kuhn-Tucker
(KKT) conditions [9].
5) Repeat the steps from 2 to 5 until the convergence.
Now, assuming that min{K,Nt}  NRF, it can be
shown that the dominant term in computational cost is
O(KN2t ) which corresponds to the calculation of the average
of the covariance matrices of frequency domain channels,
1
K
∑K
k=1
(
H[k]
H
H[k]
)
. As a result, the overall computational
complexity of the proposed hybrid beamforming algorithm is
O(KN2t ).
We note that the recent work in [21] also considers hybrid
precoding design for weighted sum rate maximization in a
OFDM MU-MISO system. The general algorithm in [21] uses
the WMMSE technique to design the analog precoder as well
as the digital precoders. The algorithm of [21] can only be
applied to the setting where the total power constraint is
considered,
∑
k Tr(VRFVD[k]VD[k]
H
VHRF) ≤ KP . However,
in practical systems it is desirable that the designed precoders
satisfy per subcarrier power constraint (27b). The reason that
it is difficult to generalize the algorithm of [21] for the per
subcarrier power constraint case is that in the analog precoder
design step within WMMSE approach, multiple Lagrangian
multipliers would arise, and the resulting optimization problem
would be computationally difficult to solve. We also note that
although the focus of this paper is on hybrid beamforming
design for power spectral density constraint, the proposed
algorithm can be easily modified for the total power constraint
scenario since we use WMMSE approach only to design
digital precoders. It can be shown that this approach is more
computationally efficient as compared to the algorithm in [21]
since the analog beamformer in [21] needs to be updated
in each iteration of WMMSE method and the expression of
the analog beamformer involves a large dimension matrix
inversion. Further, since the design of digital and analog
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Fig. 3: Comparison between the achievable rates of asymptotic design and
the optimal fully-digital beamforming for an N × N MIMO system with
Ns = NRF = 4, K = 32 and SNR = 20dB.
precoders are decoupled in the proposed algorithm, when the
analog precoder is fixed, other simpler linear beamforming
approaches such as zero-forcing and maximum ratio transmis-
sion can be employed as the digital precoders to reduce the
design complexity.
VI. SIMULATIONS
In this section, we present numerical simulation results for
both the asymptotic hybrid beamforming design presented
in Section III and the proposed algorithms for SU-MIMO
systems and MU-MISO systems presented in Section IV and
Section V. In the simulations, we consider the uniform lin-
ear array antenna configuration with half-wavelength antenna
spacing. Further, unless otherwise mentioned, we consider
an environment with 5 clusters and 10 scatterers per cluster
[27] in which the angles of arrival (departure) are generated
according to Laplacian distribution with random mean cluster
angels φ¯rc ∈ [0, 2pi) (φ¯tc ∈ [0, 2pi)) and angular spreads of
10 degrees within each cluster. In simulations for SU-MIMO
systems, the average spectral efficiency is plotted versus the
number of antenna elements or the signal-to-noise-ratio per
subcarrier (SNR = Pσ2 ) over 100 channel realizations as a
performance metric.
A. Asymptotic Hybrid Beamforming Design Analysis for SU-
MIMO systems
First, we numerically investigate the performance of asymp-
totic hybrid beamforming design of Section III for large
antenna arrays in different propagation environments. Here,
we consider an N × N MIMO system with SNR = 20dB
and K = 32 subcarriers in which a transmitter with 4 RF
chains sends Ns = 4 data streams per subcarrier to a receiver
with 4 RF chains. To model the propagation environment,
two scenarios are considered, single-scatterer per cluster and
multi-scatterers per cluster. In Fig. 3(a) and Fig. 3(b), the
performance of the asymptotic hybrid beamforming design
is compared to that of the optimal fully-digital beamforming
by sweeping the number of antenna elements, N , in envi-
ronments with (Nc, Nsc) = (15, 1) and (Nc, Nsc) = (5, 10),
respectively. It can be seen in both cases that the achievable
rate of asymptotic design converges to that of the fully-
digital beamforming for sufficiently large number of antennas.
However, this convergence is faster in single-scatterer per
cluster scenario. This is because in single-scatterer per cluster
case the angle of arrivals (departures) are independent and
hence the asymptotic orthogonality of the columns of receive
(transmit) antenna array response matrix, Ar (At), is valid for
smaller values of N .
B. Hybrid Beamforming Analysis in SU-MIMO systems
Next, we numerically evaluate the performance of the hybrid
beamforming design presented in Section IV for OFDM-based
SU-MIMO systems in two different system settings:
1) SU-MIMO system with hybrid beamforming architecture
at both transceiver sides: First, consider a 64 × 32 OFDM-
based MIMO system with hybrid beamforming structure at
both the transmitter and the receiver where Ns = 2, NRF = 4
and K = 64. Fig. 4 shows that the proposed algorithm
for both fully-connected and partially-connected structures
achieves a higher spectral efficacy as compared to the hybrid
beamforming design in [19] which seeks to minimize the dis-
tance of the optimal fully-digital beamformers and the overall
hybrid beamformers instead of tackling the original problem
of spectral efficiency maximization directly. Fig. 4 also shows
that the proposed fully-connected hybrid beamforming design
with only 4 transceiver RF chains can approach the perfor-
mance of fully-digital beamforming which is achieved by
the optimal fully-digital beamforming utilizing 64 and 32 RF
chains at the transmitter and the receiver, respectively. Finally,
Fig. 4 indicates that for the scenarios in which the number
of antenna is not extremely large the proposed algorithm in
Section IV can achieve a better performance; about 2dB gain,
in comparison with the asymptotic design of Section III.
2) SU-MIMO system with hybrid beamforming architecture
only at the transmitter side: The spectral efficiency maximiza-
tion problem has been recently considered in [20] for the case
that the hybrid beamforming architecture is employed only at
the transmitter. In order to compare the performance of the
proposed scheme with the algorithm in [20], this experiment
considers a 64 × 8 MIMO system with K = 64 subcarriers
in which a transmitter with 8 RF chains sends Ns = 8 data
symbols per subcarrier to a receiver equipped with 8 RF chains
so that the receiver can employ fully-digital combining. Fig. 5
shows that the proposed algorithm for the partially-connected
structure achieves a higher spectral efficiency as compared to
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Fig. 4: Spectral efficiencies versus SNR of different methods for a 64 × 32
OFDM-based SU-MIMO system in which hybrid architecture with infinite
resolution phase shifters is employed at both transceiver sides and Ns = 2,
NRF = 4 and K = 64.
the hybrid beamforming design in [20]. However, for the fully-
connected case, the achievable rate of the proposed algorithm
is very similar to that of the hybrid beamforming design in
[20]. This is because [20] already utilizes the fact that for
the fully-connected structure, the analog precoder should be
designed according to the average of the covariance matrices
of frequency domain channels, F1 = 1K
∑K
k=1
(
H[k]
H
H[k]
)
.
In particular, the algorithm in [20] first finds the set of eigen-
vectors of F1 corresponding to the NRF largest eigenvalues and
then sets the columns of analog precoder to the phase of that
eigenvectors. It can be seen that without the hybrid constraint,
the optimal solution to our analog precoder design problem in
(19) is also the eigenvectors of F1. Therefore, it is expected
that the algorithm in [20] approaches the performance of the
proposed algorithm for the cases that fully-connected hybrid
architecture with infinite-resolution phase shifters is employed
at the transmitter.
In the next experiment, we consider the same system param-
eters as the previous experiment except we assume very low-
resolution phase-shifters at the transmitter, b = 1. Fig. 6 shows
that the proposed algorithm achieves higher performance, i.e.,
about 1dB, compared to the algorithm in [20] for such a
scenario. Overall, our proposed algorithm for fully-connected
structure has two advantages over the algorithm in [20]: i) The
proposed algorithm provides hybrid combining design as well
as hybrid precoding design while the algorithm in [20] only
considers hybrid precoding design with a fully-digital receiver.
ii) The performance degradation in hybrid precoding without
full degree of freedom, i.e., when the partially connected
structure is used or when low-resolution phase shifters are
employed, is greater for the algorithm in [20] as compared to
the proposed method.
C. Hybrid Beamforming Analysis in MU-MISO systems
Finally, we consider a single-cell downlink scenario in
which a base station with 64 antennas serves users from 10
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Fig. 5: Spectral efficiencies versus SNR of different methods for a 64 × 8
OFDM-based SU-MIMO system in which hybrid architecture with infinite
resolution phase shifters is employed at the transmitter and Ns = 8, NRF = 8
and K = 64.
0 5 10 15 20 2510
20
30
40
50
60
70
SNR(dB)
Av
er
ag
e 
Sp
ec
tra
l E
ffi
cie
nc
y 
(bi
ts/
s/H
z)
 
 
Optimal Fully−digital BF
Proposed Hybrid BF (fully−connected)
Hybrid BF in [20] (fully−connected)
Proposed Hybrid BF(partially−connected)
Hybrid BF in [20] (partially−connected)
Fig. 6: Spectral efficiencies versus SNR of different methods for a 64 ×
8 OFDM-based SU-MIMO system in which hybrid architecture with 1-bit
resolution phase shifters is employed at the transmitter and Ns = 8, NRF = 8
and K = 64.
different clusters in which the users in the same cluster share
the same transmit antenna channel response vectors but have
different complex channel gains and pathloss. We assume that
many users are randomly and uniformly located in a circular
coverage area of radius R = 0.2km. At each time slot, NU = 4
users are randomly scheduled to be served over the entire band
of 32 MHz with 32 subcarriers. Further, it is assumed that
the pathloss for a user with distance d¯ to the base station
is modeled as 128.1 + 37.6 log10(d¯). Note that the random
scheduling of the users implies that there is a possibility that
in each time slot some scheduled users are from the same
cluster, or they can be from different clusters. Scheduling users
from the same cluster can be useful for increasing the intended
signal power since the analog beamformer can be matched to
the similar channel response vectors of those users, but this
11
also implies higher inter-user interference. Therefore, it is not
straightforward to see whether scheduling users from the same
cluster is beneficial for rate maximization or not. We leave the
optimization of user scheduling for future work and assume
the simple uniformly random scheduling in this paper.
In the first experiment of this part, we assume that the
priority weight of each user is set to be proportional to the
inverse of the expected rate of that user when the transmitted
power spectral density is −55 dBm/Hz. Further, the power
spectral density of the noise is considered to be −139 dBm/Hz.
Fig. 7 plots the average weighted sum rate for the proposed
hybrid beamforming algorithm with different number of RF
chains and the fully-digital WMMSE algorithm in [9] for
different number of antennas. It can be seen that the proposed
hybrid beamforming algorithm with 64 antennas and 8 RF
chains achieves much higher spectral efficiency as compared
to the fully-digital WMMSE beamforming utilizing 8 antennas
and 8 RF chains. This means that using large-scale antenna
arrays can be very beneficial even if the number of available
RF chians is limited. Fig. 7 also shows that the proposed
hybrid beamforming design with 16 RF chains approach the
performance of the fully-digital WMMSE beamforming with
64 antennas.
In the second experiment, we consider a more practical
setup in which the priority weight of each user is adapted over
many iterations by setting it to be proportional to the inverse
of the experimentally average rate achieved so far. The power
spectral densities of the transmitted signals and the noise are
set to be −45 dBm/Hz and −139 dBm/Hz, respectively. The
other parameters are similar to the previous experiment. Fig. 8
plots the empirical cumulative distribution function (CDF) of
the average rate achieved by the cell users. Fig. 8 indicates that
the proposed hybrid beamforming strategy with both NRF = 8
and NRF = 16 can approximately achieve the same sum rate
as the fully-digital WMMSE approach with Nt = 64 antennas
and NRF = 64 RF chains. However, it can seen from Fig. 8 that
the lower 40-percentile users still achieve better rates in fully-
digital WMMSE beamforming scheme while the other higher
60-percentile users achieve slightly better rates in the proposed
hybrid beamforming design. This is because of the fact that
the proposed analog precoder is designed for maximizing the
sum rate, hence it may favor high rate users at the expense of
low rate users.
VII. CONCLUSION
This paper considers hybrid beamforming design for
OFDM-based systems with large-scale antenna arrays. We first
show that the hybrid beamforming architecture is an appropri-
ate scheme for broadband mmWave systems with frequency-
selective channels. In particular, for SU-MIMO systems, we
show that the hybrid structure can asymptotically realize the
optimal fully-digital beamforming for sufficiently large num-
ber of antennas. Then, for practical number of antennas, we
propose a unified heuristic algorithm for designing the hybrid
precoders and combiners for two well-known architectures:
fully-connected and partially-connected hybrid beamforming.
Finally, we generalize the proposed algorithm for designing
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Fig. 7: Weighted sum rate versus transmit power spectral density for different
methods in an OFDM-based MU-MISO system with NU = 4, Nt = 64 and
K = 32.
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Fig. 8: Empirical CDF of the average rate of the users for different methods
in an OFDM-based MU-MISO system with NU = 4, Nt = 64 and K = 32.
the hybrid beamforming in the downlink of a MU-MISO
system. The simulation results verify that the proposed al-
gorithm can achieve a better performance as compared to the
existing methods for both architectures. Further, it is shown
that the proposed design for the fully-connected architecture
can approach the performance of the optimal fully-digital
beamforming with a reasonable number of RF chains, which
is typically much less than the number of antennas.
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